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Abstract
We give a review of the tomographic probability representation of quantum mechanics.
We present the formalism of quantum states and quantum observables using the formal-
ism of standard probability distributions and classical-like random variables. We study
the coherent and number states of photons in the probability representation and obtain
the evolution equation and energy spectra in the form of equations for probability distri-
butions.
1 Introduction
The formalism of quantum mechanics is connected with the notion of Hilbert space vector
and density operators and corresponding wave functions and density matrices associated
with quantum system states. In this formalism, quantum observables are identified with
Hermitian operators and Hermitian matrices. There exist different representations of
the operators acting in the Hilbert space of quantum states like the Wigner function,
Husimi–Kano functions, and Glauber–Sudarshan quasidistributions. Discrete analogs of
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the phase–space quasidistributions were also considered for Pauli spin states; see, e.g., [1].
Some aspects of associating quantum states with probability distributions were discussed
in [2, 3]. A detailed suggestion to identify quantum states with standard probability
distributions was performed in [4, 5]. This suggestion is related to the technique of quan-
tum tomography of photon states [6]. In the tomographic approach, the photon states
are identified with the Wigner quasidistribution. This function is reconstructed from the
measured optical tomogram, which is the probability distribution of the photon quadra-
ture. Using the integral relation of the tomogram to the Wigner function be means of the
Radon transform, the photon state identified with the quasidistribution is measured. In
[4, 5] it was suggested to consider the tomographic probability distribution not as techni-
cal tool to reconstruct the Wigner function of the state but to consider this probability
distribution as a primary notion of the quantum state for all systems. This approach
was studied in [7]. In this connection, the quantum evolution equations equivalent to
Schrodinger equation and von Neumann equation for the Wigner function were found [8].
It is worth adding that the Pauli equation for the tomographic probability distribution
is discussed in [9]. The relation of the tomographic picture of the states in quantum
and classical mechanics was elucidated in [7]. The probability representation of quantum
states was used to investigate the Schro¨dinger cat paradox and the EPR-paradox in [10].
The quantum-to-classical limits for quantum tomograms were studied and compared with
the corresponding classical tomograms in [11]. Different problems of quantum–classical
phenomena and their connections with probability representation were investigated in
[12, 13, 14, 15, 16, 17, 18]. The review and development of quantum tomography and its
applications, as well as the review of the probability representation of quantum mechanics
were given in [19, 20, 21, 22, 23]. Examples of probability representation of spin-1/2 states
were given, e. g. in [24, 25, 26]. The relation of the approach to star–product formalism
was considered in [27, 28, 29].
In this work, we consider the examples of qubit and qudit as well as photon states
and observables in the probability representation of quantum mechanics. This paper is
organized as follows. In Sec. 2, we study the qubit (spin-1/2) state. In Sec. 3, we con-
sider the harmonic-oscillator coherent states and other oscillator states in the probability
representation. Conclusions and prospectives are presented in Section 4.
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2 Qubit states in probability representation
The qubit state density 2× 2-matrix is determined by three parameters. This matrix
ρ =

 ρ11 ρ12
ρ21 ρ22

 , (1)
satisfies the Hermiticity conditions ρ† = ρ, and its trace Trρ = 1. The nonnegativity
condition of the matrix eigenvalues provides the inequality
ρ11ρ22 − |ρ12|2 ≥ 0. (2)
There exist different possibilities to parametrize this matrix. One of the possibilities is to
introduce Bloch ball parameters −1 ≤ x, y, z ≤ 1. One has ρ11 = 1+z2 , ρ12 = x−iy2 . These
parameters satisfy the inequality
x2 + y2 + z2 ≤ 1. (3)
There exists the other parametrization called the probabilistic parametrization of qubit
states [30, 31, 32, 33, 34, 35]. The matrix elements of the density matrix ρ in this
parametrization are expressed in terms of three nonnegative numbers 0 ≤ p1, p2, p3 ≤ 1.
These numbers satisfy the inequality
(p1 − 1/2)2 + (p2 − 1/2)2 + (p3 − 1/2)2 ≤ 1/4. (4)
The Bloch ball parameters determine the points in the ball of the radius 1 with the
center located in the point x0 = y0 = z0 = 0. The probability parameters determine the
points in another ball of the radius 1/2 with the center located in the point p
(0)
1 = p
(0)
2 =
p
(0)
3 = 1/2. The physical meaning of the Bloch parameters x, y, z and the probability
parameters p1, p2, p3 are different. The numbers pj, j = 1, 2, 3 are the probabilities to
have in the spin-1/2 state with density matrix ρ the spin projections m = +1/2 on the
three perpendicular directions determined by unit vectors ~e1, ~e2, ~e3 such that (~ei, ~ej) = δij .
The Bloch parameters x, y and z are equal to mean values of the spin-1/2 projections on
these directions. In view of this one has the relations between these parameters of the
form
x = 2p1 − 1, y = 2p2 − 1, z = 2p3 − 1. (5)
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Geometrically the point in the Bloch ball can be connected with three angles θ1, θ2 and
θ3 defined by scalar products of the vector ~r = (x, y, z) and the vectors ~ej , i.e.
cos θj = (~r, ~ej)/|~r|. (6)
The three angle parameters satisfy the inequality
|~r|2
(
cos2 θ1 + cos
2 θ2 + cos
2 θ3
)
≤ 1. (7)
The probability representation of the spin-1/2 density matrix provides another trigono-
metric parameters for the point in the ball with radius 1/2, with the center located in
point p
(0)
1 = p
(0)
2 = p
(0)
3 = 1/2. One can introduce two angles φ and θ such that
cosφ =
p1 − 1/2√
(p1 − 1/2)2 + (p2 − 1/2)2
, sinφ =
p2 − 1/2√
(p1 − 1/2)2 + (p2 − 1/2)2
. (8)
Another angle θ is determined by the probabilities p1, p2 and p3 as
cos θ =
p3 − 1/2√
(p1 − 1/2)2 + (p2 − 1/2)2 + (p3 − 1/2)2
. (9)
For pure states with density matrix ρ satisfying the purity condition Trρ2 = 1 the number
of parameters determining the density matrix equals to 2. The angles θj determining the
point of the Bloch sphere surface satisfy the equality
cos2 θ1 + cos
2 θ2 + cos
2 θ3 = 1. (10)
For pure states, the probability parameters p1, p2, p3 satisfy the equality
(p1 − 1/2)2 + (p2 − 1/2)2 + (p3 − 1/2)2 = 1/4. (11)
One can see that for the pure spin-1/2 states one has relation of the angle θ with Bloch
ball parameter z given by formula
cos θ = 2z. (12)
3 Photon states in probability representation
Let us consider one–mode photon states. There are different kinds of these states like
Fock states |n >, n = 0, 1, 2, . . . coherent states |α >, where α is a complex num-
ber, squeezed and correlated states [36] associated with the inequality determined by
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Schro¨dinger–Robertson uncertainty relation. In the conventional formulation of quantum
mechanics, these states are described by the wave functions corresponding to the wave
functions of harmonic oscillator with the Hamiltonian Hˆ = h¯ω(aˆ†aˆ − 1/2), where the
photon creation aˆ† and annihilation aˆ operators satisfy the bosonic commutation relation
[aˆ, aˆ†] = 1. The photon number operator nˆ = aˆ†aˆ determines the Fock state |n〉 by the
relation nˆ|n〉 = n|n〉, n = 0, 1, 2, .... The coherent state is the eigenstate of the non-
hermitian annihilation operator aˆ, i.e., aˆ|α〉 = α|α〉. In the position representation, the
wave functions 〈x|n〉 = ψn(x) of the Fock states reads
ψn(x) =
exp(−x2/2)Hn(x)
π1/4
√
2nn!
, (h¯ = m = ω = 1), (13)
where Hn(x) is Hermite polynomial. The coherent state wave function 〈x|α〉 = ψα(x) has
the Gaussian form
ψα(x) =
1
π1/4
exp
[
−x
2
2
− |α|
2
2
+
√
2αx− α
2
2
]
, (14)
these wave functions are given as the superpositions of Fock states
ψα(x) = exp(−|α|
2
2
)
∞∑
n=0
αn
(n!)1/2
ψn(x), (15)
that corresponds to the connection of the state vectors |n〉 and |α〉 of the form
|α〉 = exp(αaˆ† − α∗aˆ)|0〉. (16)
The dimensionless dispersions of the position and momentum in coherent states are equal
to 1/2 and the coherent states are considered as maximally classical states of the photons.
The normalized squeezed and correlated states of the photons have the normalized wave
functions of generic Gaussian form
ψG(x) = exp(−Ax2 +Bx+ C), (17)
where the complex numbers A, B and C provide the equality
(δx)2(δp)2 =
1
4
1
1− r2 , (18)
with r, the correlation coefficient of position and momentum. Under this condition the
right-hand side of the equality is the bound in the Schro¨dinger–Robertson uncertainty
5
relation, where r is the correlation coefficient of the random position and momentum.
In the probability representation of the photon states, these states are identified with
symplectic tomographic probability distributions of photon quadrature −∞ ≤ X ≤ ∞,
given by the formula [37] for arbitrary normalized wave function ψ(x) of the form
w(X|µ, ν) = 1
2π|ν|
∣∣∣∣∣
∫
ψ(y) exp
(
iµy2
2ν
− iXy
ν
)
dy
∣∣∣∣∣
2
. (19)
Here −∞ ≤ µ, ν ≤ ∞ are parameters describing the reference frames in phase-space
where the quadrature X (a photon analog of the oscillator position x) is measured.
The density operator ρˆ of the photon state is determined by the symplectic tomo-
graphic probability distribution by the relation (see, e.g. review [20])
ρˆ =
1
2π
∫
w(X|µ, ν) exp(iX − µqˆ − νpˆ)dXdµdν. (20)
The density operator ρˆ determines the symplectic tomographic probability distribution
[4]
w(X|µ, ν) = Trρˆδ(X − µqˆ − νpˆ), (21)
where qˆ and pˆ are the position and momentum operators, respectively. For Fock states,
the symplectic tomographic probability distributions are expressed in terms of Hermite
polynomials
w(X|µ, ν) = exp(−X
2)√
π(µ2 + ν2)
1
2nn!
H2n
(
X√
µ2 + ν2
)
. (22)
For coherent states, the tomographic probability distribution has the Gaussian form
wα(X|µ, ν) = 1√
2πσ
exp
[
−(X − X¯)
2
σ
]
(23)
with
X¯ = µ
√
2Reα+ ν
√
2 Imα, σ =
µ2 + ν2
2
.
For squeezed and correlated states with wave function ψs(x) which has the form (17) the
tomographic probability distribution is determined by (23) with the parameters X¯ and σ
expressed in terms of the parameters µ and ν and A,B, and C of the form
σ =
|2Aν − iµ|2
2(A+ A∗)
, (24)
X¯ =
1
2(A+ A∗)
[µ(B +B∗) + iν(2AB∗ − 2A∗B)] . (25)
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Thus, squeezed and correlated pure states of the photons are determined by normal prob-
ability distributions with dispersions of the photon quadratures (24) given by parameters
σ, mean value (25) of the quadrature given by X¯ and the covariance of the quadrature
determined by the coefficient in front of term µν in σ (24). All the tomographic proba-
bility distributions of the photon states |n >, |α > and squeezed and correlated ones are
normalized. They satisfy the condition
∫
w(X|µ, ν)dX = 1
for arbitrary parameters µ, ν. The symplectic tomograms of the coherent states of the
photon–phonon mode in Brillouin scattering process of light and in stimulated Raman
scattering process, as well as entanglement problem, were investigated in [38, 39]. The
photon-number tomograms and symplectic tomograms of photon states were considered
in [40, 41, 42]. The Josephson junction devices and the model of resonant circuits were
investigated in [43, 44, 45]. The symplectic tomogram of gaussian states of damped
oscillator with δ – kicked frequency was considered in [46]. Entropy and information
associated with the probability representation of quantum states were considered in [47,
48].
4 Coin probability distribution determining the pho-
ton states
One can extend the qubit states probability representation given by the 2×2 matrix ρ(1)
of the form
ρ =

 p3 (p1 − 1/2)− i(p2 − 1/2)
p1 − 1/2 + i(p2 − 1/2) 1− p3

 (26)
writing it for qudit density N × N -matrix ρjk in terms of probability distributions of
dichotomic random variables, e.g. of the form
ρjk = p
jk
1 − 1/2− i(pjk2 − 1/2), j > k,
ρjj − pjj3 , j = 1, 2, . . . , N − 1,
ρNN = 1−
N−1∑
j=1
pjj3 . (27)
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For N = ∞ these relations are valid for arbitrary system where ρ∞∞ is the limit in
Eq.(27) equal to zero. For example, the photon state density matrix given in the Fock
basis < n|ρˆ|n′ > can be expressed in terms of the probability distributions of random coin
(dichotomic) variables where one has matrix elements of the density operator
< n|ρˆ|n′ >= p(n,n′)1 − 1/2− i(p(n,n
′)
2 − 1/2), n < n′, < n|ρˆ|n >= p(n,n)3 , n, n′ = 0, 1, 2, . . . .
(28)
Here the probabilities 0 ≤ p(n,n′)1,2,3 ≤ 1 satisfy the Silvester criterion. On the other hand,
they are connected with the density matrix in position representation of the symplectic
tomographic probability distribution w(X|µ, ν) given by the equalities∫
< n|x >< x|ρˆ|x′ >< x′|n′ > dxdx′ =< n|ρˆ|n′ >
or
1
2π
∫
w(X|µ, ν) < n|ei(X−µqˆ−νpˆ)|n′ > dXdµdν =< n|ρˆ|n′ >, (29)
respectively. Here, the matrix elements of the Weyl system operator are given by analogs
of formulas for the Franck–Condon factors of the harmonic oscillator
< n|ei(X−µqˆ−νpˆ)|n′ >= eiX
∫
ψn(x)ψn′(x+ ν)e
−iµxdx. (30)
We calculate the integral (30) using generating function method since the function
f(α, β∗) =
∫
ψ∗β(x)ψα(x+ ν)e
−iµxdx (31)
determines the integral (30), in view of the formula for coherent states and Fock states of
the form
f(α, β∗) = exp
(−|α|2
2
− |β|
2
2
)
∞∑
n,n′=0
αn
′
β∗n√
n!
∫
ψn′(x+ ν)ψn(x)e
−iµxdx. (32)
The result can be expressed in terms of Hermite polynomials of two variables. Thus, one
has different probability representations of photon states. One is the symplectic tomo-
graphic probability distribution w(X|µ, ν). The other one is the infinite set of probability
distributions of dichotomic random variables. The coin probability distribution and its
time evolution is determined by the kinetic equation of the form of von Neumann equa-
tion for the matrix elements of the density matrix ρnn′(t) rewritten for the probability
distributions p
(jk)
1,2,3(t). These distributions satisfy the kinetic equation
i
∂
∂t
(ρjk(t)) =
∞∑
s=0
Hjs(t)ρsk(t)−
∑
ρjs(t)Hsk(t), (33)
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where the matrix ρsk(t) is expressed by Eq.(28) in terms of the probabilities and the
Hamiltonian matrix elements are determined by the electromagnetic field conditions. For
Fock states |n〉, the density matrix elements read ρnn′ = δnn′ . This means that the
probabilities determining the Fock states are
p
(nn′)
3 = δnn′, p
(nn′)
1,2 =
1
2
. (34)
Thus, all the ”coins” providing the Fock states are ”ideal” for n 6= n′. It means that in
such a game as coin flipping, coin tossing, or heads (UP) or tails (DOWN), which is the
practice of throwing a coin in the air and checking which side is showing when it lands,
in order to choose between two alternatives pk or (1 − pk); k = 1, 2, 3. One of the coins
corresponds to the probability p
(nn)
3 = 1. But for state |n〉 the nth coin is maximally
nonideal always providing the position of ”head” (or of the ”tale”). For coherent state
|α〉 with matrix elements of the density matrix
< n|α >< α|n′ >= e−|α|2α
nα∗n
′
√
n!n′!
(35)
the coin probabilities p
(nn)
3 is the Poissonian
p
(nn)
3 =
(n¯)ne−n¯
n!
, n¯ = |α|2. (36)
The probabilities p
(nn′)
1 and p
(nn′)
2 are determined by the relation
αnα∗n
′
√
n!n′!
e−|α|
2
= p
(nn′)
1 −
1
2
− i(p(nn′)2 −
1
2
), n < n′ = 0, 1, 2, . . . . (37)
5 The state evolution and energy levels in the prob-
ability representation of quantum mechanics
In the probability representation of quantum mechanics the states are described by the
sets of probability distributions. Any probability distribution of one random variable
0 ≤ p1, p2, . . . pN ≤ 1 can be considered as a set of the probability distributions (πk, 1 −
πk), k = 1, 2, . . . , N of N dihotomic random variables, where πk = pk. For example, the
Poissonian distribution of one random variable
p1 = x¯e
−x¯, p2 =
x¯2
2!
e−x¯, p3 =
x¯3
3!
e−x¯, . . .
9
can be mapped onto the set of probability distributions (π
(1)
1 = x¯e
−x¯, π
(1)
2 = 1− x¯e−x¯) and
(π
(2)
1 =
x¯2
2!
e−x¯, π
(2)
2 = 1− x¯22! e−x¯, . . .) of dihotomic random variables. Also a set of N prob-
ability distributions of dichotomic random variables can be mapped onto the probability
distribution of one random variable, using Bayes formula relating conditional probabil-
ity distributions with the joint probability distribution. We demonstrate this map on
example of qubit. Since the density matrix of qubit state is mapped onto three proba-
bility distributions of dichotomic random variables (p1, 1 − p1), (p2, 1 − p2), (p3, 1 − p3)
where p1, p2, p3 are probabilities to get spin projections m = +1/2 onto three perpendic-
ular directions, one can introduce the probability 6-vector ~Π = 1
3
(Π1,Π2, . . . ,Π6) , where
Π1 = p1,Π2 = 1 − p1,Π3 = p2,Π4 = 1 − p2,Π5 = p3,Π6 = 1 − p3. Thus, all the informa-
tion on the qubit state density matrix is described by the probability distribution of two
random variables W (1, 1) = Π1, W (2, 1) = Π2, W (1, 2) = Π3, W (2, 2) = Π4, W (1, 3) =
Π5, W (2, 3) = Π6. Formally we introduce the probability distribution W (j, k) of two ran-
dom variables, such that P(k) = 1/3, k = 1, 2, 3 is the marginal probability distribution,
i.e. P(k) = ∑2j=1W (j, k) of the second random variable. Also, the conditional probability
distributions W (j|k) = W (j, k)P(k) provide the probability distributions of dichotomic
random variables (p1, 1− p1), (p2, 1− p2), (p3, 1− p3). The probability vector ~Π satisfies
the linear evolution equation of the form
d
dt
~Π(t) =M~Π + ~γ,
where 6 × 6-matrix M and vector ~γ are determined by the Hamiltonian matrix of the
system. The stationary solution of the evolution equation, i. e. d
~Π
dt
= 0 yields the energy
spectrum of the system. The probability vector ~Π describing the states with the given
energy levels does not depend on time. For harmonic oscillator with the Hamiltonian
Hˆ = (aˆ†aˆ + 1/2) the evolution of coherent states of the complex parameter α = |α|eiφα
reads α(t) = αe−it. It means that the evolution of coherent states of photons is described
by the evolution of probabilities
p
(nn′)
1 (t) =
1
2
+
|α|n+n′√
n!n′!
cos [(φα − t)(n + n′)] , (38)
p
(nn′)
2 (t) =
1
2
− |α|
n+n′
√
n!n′!
sin [(φα − t)(n+ n′)] . (39)
The probability p
(nn′)
3 (t) is the integral of motion for the coherent state evolution
P
(nn)
3 (t) = p
(nn)
3 . (40)
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The probabilities (38)-(39) satisfy the kinetic equation (33) for harmonic oscillator with
matrix elements of the Hamiltonian Hjk(t) = (
1
2
+j)δjk), where j, k = 0, 1, 2, . . . ,∞. Since
the numbers p
(nn′)
1,2,3 (t) and the numbers 1−p(nn
′)
1,2,3 (t) determine the probability distributions
of dichotomic random variables, they satisfy the known entropic inequalities, e.g., relative
entropy nonnegativity
p
(nn′)
1 (t) ln

p(nn′)2 (t)
p
(nn′)
1 (t)

+ (1− p(nn′)1 (t)) ln

1− p(nn′)1 (t)
1− p(nn′)2 (t)

 ≥ 0. (41)
In (41) the probabilities determining the time-dependent coherent state of harmonic os-
cillator are given by Eqs. (38) and (39). For squeezed and correlated state an analog of
vacuum photon state can be described by the parametric oscillator with the Hamiltonian
Hˆ(t) = pˆ
2
2
+ ω
2(t)qˆ2
2
, where ω(0) = 1, h¯ = m = 1. The wave function of this state in
position representation reads
ψ0(x, t) =
1
(π)1/4
1√
ǫ(t)
exp
(
iǫ˙(t)
2ǫ(t)
x2
)
. (42)
The complex function ǫ(t) is the solution of the classical oscillator equation of motion
ǫ¨(t) + ω2(t)ǫ(t) = 0, (43)
with the initial conditions ǫ(0) = 1 and ǫ˙(0) = i. The density matrix of the state
|0, t >< 0, t| in the Fock basis has the matrix elements
ρnn′(t) =
∫ ∞
∞
dx′dx
Hn(x)Hn′(x
′)√
2n+n′n!n′!πǫ(t)
exp
(
−x2
(
1
2
− iǫ˙(t)
2ǫ(t)
)
− x
′2
2
)
. (44)
The probabilities p
(nn′)
1,2,3 (t) determining the photon squeezed and correlated states given
by Eq.(42) are expressed in terms of the integral (44).
6 Transition probabilities in terms of tomograms
In the conventional formulation of quantum mechanics the transition probabilities between
the different states with wave functions ψ1(x) = 〈x|ψ1〉 and ψ2(x) = 〈x|ψ2〉 are given by
the Born rule
p
(2)
(1) = |
∫
ψ∗1(x)ψ2(x)dx|2. (45)
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Here, the probability p
(2)
(1) is expressed in terms of the wave functions identified with the
quantum states. This transition probability can be expressed in terms of probabilities
determining the system quantum states. For example, if one has the tomographic prob-
ability distribution w1(X|µ, ν) and w2(Y |µ, ν) determining the same states with state
vectors |ψ1〉 and |ψ2〉, the transition probability p(2)(1) is expressed in terms of these tomo-
graphic probability distributions as follows
p
(2)
(1) =
1
2π
∫
w1(X|µ, ν)w2(Y | − µ,−ν)ei(X+Y )dXdY dµdν. (46)
In the molecular–spectroscopy theory, the expression given by Eq.(45) is called Frank–
Condon factor. Thus, the Franck–Condon factor for vibronic structure of electronic lines
of the polyatomic molecules is presented in the probability representation of quantum
mechanics in the form of integral (46), where the integral kernel ei(X+Y ) = cos(X +
Y ) + i sin(X + Y ) can also be associated with the probability distributions of dichotomic
random variables analogous to the distributions determining the qubit states, i. e.,
cos(X + Y ) =
(p1 − 1/2)√
p3(1− p3)
.
This example demonstrates that such quantum properties as transition probabilities be-
tween different states of a system can be complitely described by the expressions contain-
ing standard probability distributions identified with these states.
For example, the transition probabilities between the squeezed and correlated states
are expressed in terms of the integral
p
(A2,B2,C2)
(A1,B1,C1)
=
1
4π2
∫
1√
σ1σ2
exp
[
−(X −X1)
2
2σ1
− (Y −X2)
2
2σ2
+ i(X + Y )
]
dXdY dµdν,
(47)
where parameters σ1, σ2, X¯1, and X¯2 are given by expressions (24) and (25), being
dependent on the corresponding wave function parameters A = A1, B = B1, and C = C1
for the first state and A = A2, B = B2, and C = C2 for the second state. It is interesting
that the overlap of classical normal distributions of random variables X and Y (47) with
the integral kernel exp[i(X+Y )] provides the probability, which characterizes the quantum
transitions between the squeezed and correlated states of a system. The evolution of pure
qubit states can be described by the matrix ρ(t1, t2) = |ψ(t1)〉〈ψ(t2)| expressed in terms
of probability distributions p1,2,3(tj), and 1 − p1,2,3(tj); j = 1, 2 of dichotomic random
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variables of the form
ρ(t1, t2) =


√
p3(t1)p3(t2)
√
p3(t1)
[p1(t2)−1/2−i(p2(t2)−1/2)]√
p3(t2)√
p3(t2)
[p1(t2)−1/2+i(p2(t2)−1/2)]√
p3(t1)
[p1(t1)−1/2+i(p2(t1)−1/2)][p1(t2)−1/2−i(p2(t2)−1/2)]√
p3(t1)p3(t2)

 .
In the case of t1 = t2 = t the matrix ρ(t1, t2) is equal to the qubit–state density matrix of
qubit state in probability representation.
7 Conclusion
To conclude, we list the main results of our work. On examples, of photon mode (oscil-
lator states) and spin-1/2 states (qubits), we demonstrated that the quantum mechanics
formalism can be completely presented using the probability distributions of classical–like
random variables. For photon states, one can use the quantum tomography approach
where the system states are identified with probability densities of photon quadratures.
For qubit (spin–1/2) systems, the states can be identified with probability distributions
of dichotomic random variables. These results are valid for all other quantum system
states. In the probability representation of quantum mechanics the system state density
operators (oscillator, spins, hydrogen atom, molecules) and the matrix elements of density
matrices are expressed in terms of probability distributions. The probability distributions
are given by a vector ~P(t) satisfying the linear kinetic equations of the form
d
dt
~P(t) = M ~P(t) + ~γ,
where the matrix M and vector ~γ are expressed in terms of matrix elements of the system
Hamiltonian. The energy spectrum of the systems for time–independent Hamiltonians is
determined by the condition d
dt
~P(t) = 0. There exist an invertable map of probability
vectors ~P(t) onto the Hilbert space of states |ψ(t) > and density operators ρˆ(t) acting
in these spaces. Different kinds of probability vectors connected by linear transforms can
be associated with the quantum states of the same system. We demonstrated that, for
coherent states of the harmonic oscillator, one can use symplectic tomographic probability
distribution, where the state is identified with symplectic tomogram, which is normal
distribution. Also the state can be identified with the set of probability distributions of
dichotomic random variables. Both descriptions are related by means of linear transforms
13
of the distributions. We also constructed the probability distribution of the squeezed
vacuum photon state and obtained new entropic inequalities for the matrix elements
of the parametric oscillator density matrix. The consideration of other aspects of the
probability representation of quantum mechanics and applying the probabilistic approach
to studying quantum technologies will be done in future publications.
Acknowledgments
This work was supported by the Russian Science Foundation under Grant No. 19-71-
10091. V. I. Man’ko thanks the Organizers of 26th Central European Workshop on
Quantum Optics (Paderborn Universityh, Germany, June 3-7, 2019) for the invitation.
References
[1] R. L. Stratonovich, JETP, 5, No 6, 1206 (December 1957).
[2] B. Mielnik, Commun. Math. Phys., 9, 55 (1968).
[3] W. K. Wootters, Found. Phys., 16, 391 (1986).
[4] S. Mancini, V. I. Man’ko and P. Tombesi, Phys. Lett. A, 213, 1 (1996).
[5] S. Mancini, V. I. Man’ko and P. Tombesi, Found.Phys.,27, 801 (1997).
[6] D. T. Smithey, M. Beck, M. G. Raymer and A. Faridani, Phys. Rev. Lett., 70, 1244
(1993).
[7] O. V. Man’ko and V. I. Man’ko, J. Russ. Laser Res., 18, 407 (1997).
[8] G. G. Amosov, Y. A. Korennoy, V. I. Man’ko, Phys. Rev. A, 85, 052119 (2012).
[9] S. Mancini, O. V. Man’ko, V. I. Man’ko and P. Tombesi, J. Phys. A: Math. Gen,34,
3461 (2001).
[10] J. Foukzon, A. A. Potapov, E. Menkova and S. A. Podosenov, ”A new quantum
mechanical formalism based on the probability representation of quantum states”,
Preprint viXra:1612.0298 (2016)
14
[11] V. I. Man’ko, G. Marmo, A. Simoni, A. Stern and F. Ventriglia, Phys. Lett. A, 343,
251 (2005).
[12] A. Khrennikov and A. Alodjants, Entropy, 21, 157 (2019).
[13] M. de Gosson, ”Quantum Harmonic Analysis of the Density Matrix”, Quanta, 7,
74(2018).
[14] Yu. M. Belousov, S. N. Filippov, V. N. Gorelkin and V. I. Man’ko, J. Russ. Laser
Res., 31, 421 (2010).
[15] M. R. Bazrafkan and E. Nahvifard, J. Russ. Laser Res., 30, 392 (2009).
[16] C. Stornaiolo, ”Tomographic Represention of Quantum and Classical Cosmology”,
in: C. Moreno Gonza´lez, J. Madriz Aguilar, L. Reyes Barrera (Ed.) Accelerated
Cosmic Expansion. Proceedings of the Fourth International Meeting on Gravitation
and Cosmology, Astrophysics and Space Science Proceedings, 38, Springer (2014).
[17] P. Facchi and M. Ligabo´, ”Classical and quantum aspects of tomography”, in: M.
Asorey, J. Clemente-Gallardo, E. Mart´ınez, J. F. Carin˜ena (Ed.) Proceedings of XVIII
International Fall Workshop on Geometry and Physics, Benasque, Spain, 2009, AIP
Conference Proceedings, 1260, 3 (2010).
[18] H.-T. Elze, G. Gambarotta and F. Vallone, International Journal of Quantum Infor-
mation, 09, 203 (2011).
[19] V. N. Chernega, Olga V. Man’ko, Phys. Scripta, 30, 074052 (2015).
[20] A. Ibort, V. I. Man’ko, G. Marmo, et al., Phys. Scr., 79, 065013 (2009).
[21] S. N. Belolipetskiy, V. N. Chernega, O. V. Man’ko, V. I. Man’ko, ”Probabil-
ity representation of quantum mechanics and star–product quantisation”, quant-
ph:1903.07932 (2019), J. of Physics: Conf. Ser. (accepted)
[22] M. Asorey, A. Ibort, G. Marmo G and F. Ventriglia, Phys. Scr., 90, 074031 (2015).
[23] M. Asorey, P. Facchi, V. I. Man’ko, G. Marmo, S. Pascazio and E. G. C. Sudarshan,
Phys. Rev. A, 76, 012117 (2007).
15
[24] V. I. Man’ko, G. Marmo, F. Ventriglia and P. Vitale, J. Phys. A: Math. Gen., 50,
335302 (2017).
[25] A. Avanesov and V. I. Man’ko, ”Probability representation of quantum channels”,
arXiv:1904.03036 (2019).
[26] A. Avanesov and V. I. Man’ko, Physica A, 533, 121898 (2019).
[27] O. V. Man’ko, V. I. Man’ko, G. Marmo, Physica Scripta, 62, 446 (2000).
[28] Olga V. Man’ko, V. I. Man’ko, G. Marmo, Journal of Physics A: Mathematical and
General, 35, 699 (2002).
[29] O. V. Man’ko, V. I. Man’ko, G. Marmo, P. Vitale, Physics Letters A, 360, 522
(2007).
[30] V. N. Chernega, O. V. Man’ko, and V. I. Man’ko, J. Russ. Laser Res., 38, 141 (2017).
[31] V. N. Chernega, O. V. Man’ko, and V. I. Man’ko, J. Russ. Laser Res., 38, 324 (2017).
[32] V. N. Chernega, O. V. Man’ko, and V. I. Man’ko, J. Russ. Laser Res., 38, 416
(2017).
[33] V. N. Chernega, O. V. Man’ko, and V. I. Man’ko, J. Phys.: Conf. Ser., 1071, 012008
(2018).
[34] V. N. Chernega, O. V. Man’ko, and V. I. Man’ko,. J. Rus. Laser Res., 39, 128 (2018).
[35] V. N. Chernega, O. V. Man’ko, and V. I. Man’ko, Eur. Phys. J. D, 73, 10 (2019).
[36] V. V. Dodonov, E. V. Kurmyshev, and V. I. Man’ko, Phys. Lett. A, 79, 150 (1980).
[37] V. I. Man’ko, V. Mendes, Phys. Lett. A, 263, 53 (1999).
[38] O. V. Man’ko, N. V. Tcherniega, J. Russ. Laser Res., 22, 201 (2001).
[39] Sergey V. Kuznetsov, Olga V. Man’ko, Nikolay V. Tcherniega, Journal of Optics B:
Quantum Semiclassical Optics, 5, S503-S512, (2003).
[40] O. V. Man’ko, V. I. Man’ko, Laser Phys., 19, 1804 (2009).
16
[41] O. V. Man’ko, V. I. Man’ko, Fortschritte der Physik, 57, 1054 (2009).
[42] O. V. Man’ko, V. I. Man’ko, Physica Scripta, T140, 014028 (2010).
[43] O. V. Man’ko, Physica Scripta, N153, 014046 (2013).
[44] E. O. Kiktenko, A. K. Fedorov, O. V. Man’ko, V. I. Man’ko, Phys. Rev. A, 91,
042312 (2015).
[45] E. O. Kiktenko, A. O. Malyshev, A. S. Mastiukova, V. I. Man’ko, A. K. Fedorov,
D. Chrus´cin´ski, ”Probability representation of quantum dynamics using pseudo-
stochastic maps”, arXiv:1908.03404 [quant-ph] (2019).
[46] V. N. Chernega, O. V. Man’ko, J. Russ. Laser Res., 39, 411 (2018).
[47] O. V. Man’ko, J. Russ. Laser Res., 28, 125 (2007).
[48] N. Awasthi, S. Bhattacharya, A. Sen and U. Sen, Phys.Rev. A, 97, 032103 (2018).
17
